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Now creation of big catalogs of galaxies for measurement of baryon acoustic oscillation
(BAO) is actively conducted. Existing and planned in the near future surveys are directed
on the range of red shifts of z.2. However, some popular models of dark energy (DE)
give the maximum deviation from ΛCDM at z>2 therefore we investigated sensitivity
of hypothetical high redshift surveys to the model of DE. We have found that with the
increase of the number density of detected galaxies at z>2 high redshift observations
may give better constraints of DE parameters.
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1. Introduction
Several cosmological observations show that our universe is expanding with an ac-
celeration.1–10 This fact can be interpreted as a dominance of the energy of the
unknown nature, so called dark energy (DE).11–15 The main feature of this energy
consists of negative pressure that leads to an accelerated expansion. The standard
cosmological scenario implies that order of 75% of the total energy density is present
in the form of DE. There are several observational data based indications that DE
is highly spatial uniform and isotropic, as well as that the DE became dominant
recently. Definitely the nature of DE is one of major puzzles of modern cosmol-
ogy.10,11,15 A lot of theories of DE have been proposed.16–18
The simplest model of DE is the ΛCDM model, called a concordance model, that
assumes that the accelerated expansion of the universe is driven by the presence
of a cosmological constant.20 This model fits well the cosmological observations,
but the ΛCDM model has the coincidence and the fine tuning still unexplained
problems.20,24
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Instead of the considering the cosmological constant model there were several
models proposed in which DE is a dynamical quantity and in these models DE is
associated with a dynamical scalar field . For the ΛCDM model the equation of
state parameter w = Pde/ρde (Pde is a pressure and ρde is an energy density of the
DE) is a constant and it equals to minus one, whilst for the dynamical scalar field
models the equation of state parameter is a time varying function.24
Depending on the value of the equation of state parameter at present, the time
dependent DE models are divided into the phantom models25 (w < −1) and the
quintessence models26 (−1 < w < −1/3). The quintessence models are subdivided
into two classes: the thawing models and the freezing (or tracking) ones.27–34
In the tracking or freezing (slow roll) quintessence model the form of the poten-
tial allows the attractor in the late-time evolution of the scalar field be insensitive
to the initial conditions, and allows the scalar field energy density to track the mat-
ter energy density in the matter domination epoch and then the radiation energy
density in the radiation domination epoch, remaining subdominant during these
epochs. And only at late times, the scalar field becomes dominant and starts be-
having like a component with a negative pressure driving the acceleration of the
universe. Thus the quintessence models can clarify the coincidence problem.
In this paper we have investigated the freezing quintessence model with an in-
verse power law Ratra-Peebles potential:35 V (φ) = Mα+4/φα, α is a model param-
eter, defining the steepness of the potential; φ is a scalar field amplitude.
In order to distinguish between different dynamical DE models commonly con-
straint of energy equation of state w(z) is used, because different models of DE give
different low of w(z). Recent Supernova Legacy Survey three year sample (SNLS3)
combining with other data on CMB, BAO and Hubble constant measurement gives
rise to wde = −1.013±0.068 for constant of wde in standard ΛCDM models.15,21–23
The BAO measurements the values of the equation of state parameter w(z) (z
is a redshift) and its redshift derivative dw/dz is the primary goal of the ongoing
DE experiments such as SNLS3, VIPERS or BOSS, but only the next generation
of the large scale redshift surveys at z ∼ 1 and beyond this limit of the redshift like
EUCLID,36 WFirst or BigBOSS37 will be able to provide the data to distinguish
the DE models from each other.
We can get many information about the dynamical DE models analyzing the
growth of the matter perturbations which were obtained from the redshift space
distortion (RSD) surveys. The classical quintessence models are not clustered, but
they affect the rate of the matter evolution, therefore the different DE models
predict the different growth rate history.34,38–47 There are a lot of observational
growth rate data,48–53 but all these ongoing and future experiments are dedicated
to the measurements in the range of the redshifts z < 2.
The main goal of our research is the estimation of the sensitivity of the BAO
and the RSD data to the cosmological parameters, especially to the values wde(z)
and the dwde/dz in the range of the redshifts z > 2. Also we have explored what
volume and number of the galaxies will be necessary to compete with the other
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surveys in the range of the redshifts z > 2.
In this paper we will develop this ideas in quintessence model with Ratra-Peebles
potential, that was well studied in many papers.63–66
This paper is organized as follows:
The Introduction is presented in the Sec. I. In the Sec. II we have considered a
theory of the growth of matter perturbations for the Ratra-Peebles φCDM model.
In the Sec. III we have derived the responses of measured quantities to the DE model
parameter α. In the Sec. IV we evaluated the errors of BAO and RSD measurements.
Our discussions and conclusions are presented in the Sec. V.
2. Growth Factor of Matter Density Perturbations in Dark Energy
Models
The influence of the scalar field (of the Ratra-Peebles potential) on growth of struc-
ture was well investigated in many papers.63–67 Further we will follow the paper of
O. Avsajanishvili et. al.63 We use the linear perturbation equation for computation
of the matter’s overdensity55,62 δ:
δ
′′
+
(3
a
+
E
′
E
)
δ
′ − 3Ωm,0
2a5E2
δ = 0 (1)
where δ = δρm/ρm is small perturbations in homogeneous universe expanding with
the Hubble, ρm and δρm are the density and overdensity respectively, ρav is average
density of the universe.
A prime designates the differentiation with respect to a scale factor a, a =
1/(1 + z) where z is a redshift; E(a) = H(a)/H0 - the normalized value of the
Hubble parameter H(a) to a Hubble constant H0 = 100hkms
−1Mpc−1.
The first Fridmann equation in the case of the spatially-flat universe:
E2(a) = Ωr,0a
−4 + Ωm,0a−3 + Ωφ, (2)
where E(a) — total energy density of all matter components normalized to H0,
Ωr0 and Ωm0 — the radiation and the matter density parameters today. We have
neglected the radiation term in the calculations because it is not relevant during
the late stage expansion of the universe. We have applied the fiducial values:56
Ωm0 = 0.315, h = 0.673.
The linear growth factor is defined as:
D(a) =
δ(a)
δ(0)
, (3)
where δ(0) - a value of the density contrast at present.
The initial conditions are imposed as D(a = 1) = 1 and D(a = ai) = ai, where
ai = 5× 10−5.
The logarithmic derivative from the linear growth factor is called the growth
rate:
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G(a) =
d lnD(a)
d ln a
. (4)
This function is parametrized as:57
G(a) ≈ Ωγm(a), (5)
where
Ωm(a) =
Ωm0a
−3
E2
. (6)
The γ parameter is called a growth index. Suggesting the correctness of general
relativity, the value of γ parameter can be evaluated as:58
γ ≈ 0.55 + 0.05(1 + w0 + 0.5wa), if w0 ≥ −1 (7)
where w0 is a value of the equation of state parameter today and wa =
(dw/dz)|z=0 = (−dw/da)|a=1. For the ΛCDM model γ ≈ 0.55.
3. The Manifestation of the Quintessence Existence from the
Observational Data
In order to estimate the precision of the constraints of the value of the α parameter,
we have found the response of the different cosmological tests on the change of the
α parameter. For this purpose we have considered three kinds of cosmological tests
which differ by their response on the change of the background dynamics and of the
growth rate of the large scale structure:
(1) the evolution of the Hubble parameter H(z).
The values of the H(z) can be obtained from the BAO (along the line of sight),
SN Ia, the weak lensing data.
(2) the luminosity distance and the angular size distance.
Which values can be found from the BAO, SN Ia data. (In our analysis isn’t
relevant what kind of distance is used and further we will use the common
designation for distance d(z)).
(3) the linear growth factor D(z) or the growth rate function G(z).
Which was obtained from the RSD data (the bias factor isn’t sensitive to the
background changing).
The difference between the measured values of the functions H(z), d(z), G(z)
and the corresponding values of ones evaluated for the ΛCDM model may be by
the evidence of the existence the quintessence.
In order to illustrate this we have considered the quantity ξX for the ΛCDM
model:
ξX =
1
X
dX
dα
∣∣∣∣
α=0
(8)
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where X may be one from the values H, or d(z) or G(z). When the value of the α
parameter is small, the value of the ξX is the relative difference of the quantity X
between the ΛCDM model and the Ratra-Peebles φCDM model.
We also consider a quantity similar to Eq. 8 for Ωm:
ηX =
1
X
dX
dΩm
∣∣∣∣
Ωm=Ωm,0; α=0
. (9)
0.01 0.1 1 10
z
0.01
0.1
1
η X
X = d
X = H
X = G
0.003
0.01
0.03
0.1
ξ X
X = d
X = H
X = G
Fig. 1. The sensitivity of the measurements of H(z), d(z), G(z) to the presence of the quintessence
with a small α parameter (top panel) and to the change of Ωm parameter (bottom panel).
As one can see from Fig. 1, the best response to α 6= 0 can be reached for the
redshift z = 0.7 for H(z) and G(z) measurements and for the redshift z = 1.5 for
the distance d(z) measurement. In the range of the redshifts z > 2 the distance
measurement of the d(z) is the most sensitive. However, these conclusions are based
on the assumption that the present day values of the parameters Ωm0 and Ωde0 are
evaluated perfectly well. Since this is not the case, to verify the existence of the
quintessence is necessary to investigate the differences between the measured values
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and the corresponding values of ones for the ΛCDM model.
In general, this problem should be solved by the MCMC simulations of observa-
tions for a set of different cosmological models, but for the better understanding it
is instructive to analyze the two limiting cases. In the first case two quantities X1
and X2 (H(z), or d(z), or G(z)) are measured at a single redshift z. In the second
case, the same quantity X is measured at two different redshifts z1 and z2.
In order to analyze the first case, we have considered a fiducial model with
Ωm = Ωm0 and α = 0. We can apply the Taylor series expansion near the fiducial
model for two measurements X1 and X2:
∆X1
X1
= ηX1∆Ωm + ξX1α,
∆X2
X2
= ηX2∆Ωm + ξX2α,
eliminating ∆Ωm and obtaining the value of the α parameter:
α =
(
∆X1
ηX1X1
− ∆X2
ηX2X2
)/(
ξX1
ηX1
− ξX2
ηX2
)
Thus, when the quantities X1 and X2 are known with the fractional errors X1 and
X2 respectively, the error for the calculation of the α parameter will be:
σα =
(
X1
ηX1
+
X2
ηX2
)/(
ξX1
ηX1
− ξX2
ηX2
)
(10)
Similarly, when the same quantity X is measured at two redshifts z1 and z2, we
have obtained:
σα =
(
X(z1)
ηX(z1)
+
X(z2)
ηX(z2)
)/(
ξX(z1)
ηX(z1)
− ξX(z2)
ηX(z2)
)
. (11)
Similar equations (8-11) can be obtained from the well known Bayesian analysis
with the Gaussian distributions and uniform priors or with the help of Fisher matrix,
which is, in or terms:
F11 =
ξ2X1
2X1
+
ξ2X2
2X2
, (12)
F12 = F21 =
ξX1ηX1
2X1
+
ξX2ηX2
2X2
, (13)
F22 =
η2X1
2X1
+
η2X2
2X2
. (14)
4. Evaluation of the Relative Errors of the Cosmological
Parameters Applying the BAO and the RSD Measurements.
The question of the accuracy of the measurements of the cosmological parameters
has been intensively studied in the recent few years.1 In order to evaluate the relative
November 12, 2018 8:58 WSPC/INSTRUCTION FILE de˙z˙ge2˙17˙04˙16
Dark energy tests at z>2 7
errors of the BAO measurements we have used the fitting formula:59
 = x0
√
V0
V
(
1 +
n0(1 + z)
2
nb2
)
, (15)
where V0 = 2.16h
−3 Gpc3, n0 = 1.8 · 10−4 h3 Mpc−3, n — number density of the
galaxies in h3 Mpc−3, b — a galaxy bias factor at the scale of the BAO measure-
ments, x0 = 0.85% and 1.48% for the distance d(z) and the Hubble parameter H(z),
respectively.
In order to reach the desired precision we have selected a pair of the quantities:
V and n. On Fig. 2 we have shown the relation between these quantities for the
precisions of the d(z) measurements of 1% and 5% for the redshifts z = 4 and z = 6,
respectively. For generality we have used the combination nb2. The bias depends on
the kind of galaxies. For example, from the Planck mission results of measuring the
Cosmic Infrared Background anisotropy,60 for the submillimeter galaxies b ≈ 2.5.
1 3 10 30 100
V, h−3 Gpc3
10−4
10−3
0.01
0.1
1
n
b2
,
h
3
M
p
c−
3
1%, z=4
1%, z=6
5%, z=4
5%, z=6
Fig. 2. The minimal comoving number density of galaxies n as a function of survey volume V
needed to achieve precision of distance measurement d(z) of 1% or 5% at z = 4 and z = 6 by the
means of BAO observations.
Concerning the RSD measurements, the precision can be estimated by the for-
mula from Ref. 61:
RSD =
δβ
β
=
√
V RSD0
V
1
n0.44
, (16)
where V RSD0 = 0.025h
−3 Gpc3 and β = G(z)/b. The number density and volume
of a survey needed to reach the desired precision with the RSD measurements is
shown in Fig. 3.
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1 3 10 30 100
V, h−3 Gpc3
10−6
10−4
0.01
1
n
,
h
3
M
p
c−
3
1% RSD
5% RSD
Fig. 3. The minimal comoving number density of galaxies n as a function of survey volume V
needed to achieve precision of the growth factor G(z) measurement of 1% or 5% by the means of
RSD.
We substitute the estimates Eq. 15 and Eq. 16 for a hypothetical survey which
covers all the sky and a logarithmic interval in the redshift in Eq. 10 and Eq. 11
and analyze the results. we have assumed three choices of the number densities
of the galaxies: nb2 = 10−2, 10−3, 10−4 for the BAO measurements and n =
10−3, 10−3, 10−4 for the RSD, in other words we have assumed b ∼ 3.
Table 1. The existing and future spectroscopic galaxy samples for DE experiments
Survey Ngal Redshifts Volume, h
−3Gpc3 n, h3/Mpc3
2dFGRS68 221 414 z < 0.3 0.1 2 · 10−3
SDSS LRG69 77 801 z < 0.5 1.5 5 · 10−5
BOSS (DR12)70 1 372 737 0.15 < z < 0.7 15 9 · 10−5
WiggleZ71 2 · 105 0.2 < z < 1 3.6 5 · 10−5
BigBoss72 2 · 107 z < 1.7 150 (14000 deg2) 1.3 · 10−4
DESI73 2 · 107 0.5 < z < 3.5 430 (14000 deg2) 5 · 10−5
Wfirst 107 1.3 < z < 2.7 50 (3400 deg2) 2 · 10−4
Euclid 108 0.7 < z < 2.0 200 (15000 deg2) 5 · 10−4
For the case of the measuring pair of quantities at the same redshift, the resulting
error of the α parameter is the smallest in the case of d(z) − H(z) pair, and for
the other two pairs the resulting error is higher on the order of the magnitude for
the redshifts z ≥ 1 for the same galaxy number density. The values of the σα for
different number densities of the galaxies are shown on Fig. 4.
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0 2.5 5 7.5 10
z
0.01
0.1
1
10
σ
α
Fig. 4. The precision of the constraints on the α parameter from the BAO measurements of the
d(z) and the H(z) functions at a single logarithmic redshift interval as a function of the redshift
for number densities of the galaxies nb2 = 10−2 (solid line), 10−3 (dashed line), 10−4 (dotted
line).
0 2.5 5 7.5 10
z
0.01
0.1
1
10
σ
α
Fig. 5. The precision of the constraints on the α parameter from the BAO measurements of the
d(z) function in two logarithmic redshift intervals. The number densities of the galaxies nb2 = 10−2
(solid line), 10−3 (dashed line), 10−4 (dotted line) and the first redshift interval is centered at
z = 1.22, z = 0.87 and z = 0.67 respectively, while the position of the second one is varied.
November 12, 2018 8:58 WSPC/INSTRUCTION FILE de˙z˙ge2˙17˙04˙16
10 Arkhipova, Pilipenko
0 2.5 5 7.5 10
z
0.01
0.1
1
10
σ
α
Fig. 6. The precision of the constraints on the α parameter from the BAO measurements of
the H(z) function in two logarithmic redshift intervals. The number densities of the galaxies
nb2 = 10−2 (solid line), 10−3 (dashed line), 10−4 (dotted line). The first redshift interval is
centered at z = 1.0, z = 0.77 and z = 0.61, respectively, while the position of the second one is
varied.
Secondly, the measurement of the of a single quantity at two different redshifts
z1, z2 gives the most precise estimation when the H(z) function or the d(z) function
is considered. For the G(z) function the value of the σα is higher on the order of
the magnitude. We have varied both z1 and z2 and found the position of the global
minimum of σα(z1, z2), z1 < z2, and then we fix z1 and plot σα(z1, z) on Figs. (5–
6). Note that when z1 = z2 there is insuffitient information to measure α and the
error tends to infinity, thus, on Figs. (5–6) the spikes are seen at z = z1.
From the Table 1 one can see that the number densities nb2 ≥ 10−3 will be
available for the next generation catalogues constructed by the WFIRST and by
the EUCLID missions. For such number densities the parameters of these surveys
are optimal for the constraining of the α parameter, (see the Figs. (4–6)). However,
when the observations of a larger number of the galaxies at the high redshifts will
become available and the density nb2 ≥ 10−2 could be reached, the sensitivity of
the constraints on the α parameter can be increased by 6-8 times by moving from
the median redshift z = 1.5 to the redshift z ≥ 3.
The actual number density of galaxies in a survey depends on the luminosity
function of galaxies and the detection limit of the survey. From the observed shape
of the luminosity function74 at z > 4 we conclude that in order to increase the
number density of galaxies by one order of magnitude, the detection limit must be
pushed down by 3–4 magnitudes.
Our estimates can be compared with the other predictions of the constraints on
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α by future missions, e.g. the prediction for Euclid75 which gives σα = 0.055 when
the combined data of CMB and BAO measurements are used. We use equation (11)
to estimate σα. To take into account CMB measurements, we take the relative error
in matter density Ωm = 0.005 and we place this measurement at z = 1100. We also
take into account that Euclid survey will cover roughly half of the sky. From our
approach we have found σα = 0.07 which is close to the result of Amendola et al.
5. Discussion and Conclusions
We have analyzed the observational manifestations of Ratra-Peebles model of dark
energy at high redshifts, z > 2, with the help of a simple approach similar to
Fisher matrix. Our approach allows to find the precision of constraints on two
model parameters, matter density Ωm and spectral index of quintessence potential
α, from the accuracy of measurements of two observables. We have considered three
observables: the Hubble parameter, the angular size distance and the growth rate
of density perturbations. For these three observables we have considered two kinds
of measurements: in the first case two different observables are measured at the
same redshift. In the second case the same observable is measured at two different
redshifts.
In order to make predictions on the accuracy of measurements of observables in
future surveys we have taken from literature the approximations of the precision of
BAO and RSD measurements.
We have considered all possible combinations of pairs of three observables listed
above measured at a single redshift and also measurements of each observable at
two different redshifts and found that at z > 2 BAO measurements of are more
sensitive to α than RSD.
We have found that when the number density of galaxies in future large surveys
at these redshifts will approach to nb2 ∼ 10−2, BAO measurements alone at z > 2
will allow to improve constraints on parameter α in comparison with the measure-
ments at z ∼ 1.5. This will require severe increase of the sensitivity of telescopes,
so the missions aimed at measuring DE parameters from the large scale structure
at z > 2 need to be technically complicated than currently planned missions such
as EUCLID.
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